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Abstract: In this article, we study the limit problems of some fractional power exponential functions. Jumarie type
of Riemann-Liouville (R-L) fractional derivative, fractional L’Hospital’s rule, and a new multiplication of fractional
analytic functions play important roles in this paper. In fact, our results are the generalization of these results in
classical calculus.
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I. INTRODUCTION

Fractional calculus was proposed by Leibniz and L’Hospital in a letter dated September 30, 1695. Leibniz and L’Hospital
both know about ordinary calculus and put forward the problem of noninteger differential of simple functions. Leibniz
concluded the discussion by asserting that one day, the noninteger differential problem will be solved for the benefit of
mankind. This unsatisfactory answer has inspired the further development of Lacroix, Fourier, Abel, Riemann, Riemann,
Liouville and others in the past 300 years.

In recent years, fractional calculus has become an increasingly popular research area due to its effective applications in
different scientific fields such as economics, viscoelasticity, physics, dynamics, biology, control theory, and so on [1-7].
However, the definition of fractional derivative is not unique. The commonly used definitions include Riemann-Liouville
(R-L) fractional derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, and Jumarie’s
modified R-L fractional derivative [8-11]. Since Jumarie type of R-L fractional derivative helps to avoid non-zero fractional
derivative of constant function, it is easier to use this definition to connect fractional calculus with traditional calculus.

This paper studies the limit problems of some fractional power exponential functions. Jumarie’s modified R-L fractional
derivative, fractional L’Hospital’s rule, and a new multiplication of fractional analytic functions play important roles in this
article. In fact, our results are the generalization of these results in ordinary calculus.

I1. DEFINITIONS AND PROPERTIES
Firstly, the fractional derivative used in this paper and its properties are introduced below.

Definition 2.1 ([12]): Let 0 < a < 1, and x, be a real number. The Jumarie type of Riemann-Liouville (R-L) a-fractional
derivative is defined by

(PO (O] = o [2 LOTC0 g )

Ir(1-a)dx“xo (x—t)%
where T'( ) is the gamma function.

Proposition 2.2 ([13]): If a,B,x,, ¢ are real numbersand § = a > 0, then
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(D) [xF] = rtar @)
and
( on)[C] =0. 3)

Next, we introduce the definition of fractional analytic function.

Definition 2.3 ([14]): Suppose that x and a,, are real numbers for all k, and 0 < a < 1. If the function f,: [a, b] = R can

be expressed as an a-fractional power series, that is, f,(x%) = Yr=o - (ki"ﬂ)x"“, then we say that £, (x*) is a-fractional

analytic function.
In the following, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([15]): If 0 < a < 1. Suppose that f,(x%) and g, (x%) are two a-fractional analytic functions,

a\ _ oo ag ka _ yo 9k 1 a ®k
fa(x%) = Ximo l"(ka+1)x = Xk=o k! (F(a+1)x ) ! (4)
a) — oo bk ka _ yoo b_k 1 a Bk
9a(x%) = Y=o [‘(ka+1)x = Xk=o k! (F(a+1)x ) ) ®)
Then we define
fa(x%) ® ga(x®)
_ Yo Ak k ) by k
= Xk=o F(ka+1)x “ @ Xio F(ka+1)x ¢
o 1 k
= Zio T(ka+1) (Zfﬂ:O (m) ak-mbm) xke, (6)
Equivalently,
fa(x%) @ go(x¥)
_ Vo Ak 1 a ®k o bk 1 a ®k
= k=0 k! (F(a+1)x ) ® Y=o k! (F(a+1)x )
—_ "o l k k 1 a ®k
- Zk:O k! (Zm:O (m) ak—mbm) (F(a+1) X ) . (7)

Definition 2.5 ([15]): Assume that 0 < a < 1,and f,(x%), g,(x%) are a-fractional analytic functions,

®k
ay _ v ak ka _ yoo %k 1 a
fex®) = T roaes = X0 (i ©%) ®)
ay _ yoo bk ka _ voo bk 1 «\ ¥
9a(x%) = Xizo r(ka+1)x = Xk=o k! (F(a+1)x ) ) ©)

The compositions of f, (x%) and g, (x®) are defined by

(fr© 9D @) = fo(9a(x) = Eio 2 (g0, (x9) ™", (10)
and
(Ga © f) @) = Ga(fa@) = Bno 2 (o (x)) ™. (11)
Definition 2.6 ([15]): Let 0 < a < 1. If £, (x%), g (x®) are two a-fractional analytic functions satisfies
(fi© 9a) @) = (g ° f) 6) = i 55 (12)

Then f,(x%), g, (x*) are called inverse functions of each other.
Some fractional analytic functions are introduced below.
Definition 2.7 ([16]): If 0 < a < 1, and x, x, are real numbers. The a-fractional exponential function is defined by
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ka Rk
ay — oo X R o 1°%) l 1 a
B (x%) = X0 [(ka+1) Lk=o k! (F(a+1)x ) ) (13)

And the a-fractional logarithmic function Ln,(x%) is the inverse function of E,(x%). Moreover, the a-fractional cosine
and sine function are defined respectively as follows:

- o (_1)kx2ka _ o (_1)k 1 « Q2k
€05 (x%) = Y=o Tzka+1) ~ k=0 2k (F(a+1)x ) : (14)
and
. a © (_1)kx(2k+1)0£ _ o (_1)k 1 « ®(2k+1)
sing (x%) = Xizo [((k+Da+1)  “k=0(2k+1) (F(a+1)x ) ) (15)

Definition 2.8 ([17]): If 0 < a < 1. If u,(x%), w,(x*) are two a-fractional analytic functions. Then the a-fractional
power exponential function u, (x®)®¥«*“ s defined by

1 (XD = By (o (x) @ Lng(g(x)). (16)
Theorem 2.9 ([18]): Let 0 < a < 1, then the a-fractional exponential function

1 a

Ea(xa) = ea® I‘(a+1)x ) (17)
o [[Ca+1)]¥
where e, = E, (1) = X5 FEZa+)1) :

Theorem 2.10 ([19]) (fractional L Hospital’s rule): Suppose that 0 < a < 1, ¢ is a real number, and f,(x%), g,(x%),
[g,(x*)]® 1 are a-fractional analytic functions at x = c. If lim f,(x%) = lim g,(x%) = 0, or lim f,,(x*) = £, and
xX—C X—C xX—C

®-1
Lifgga(xa) = 400, Assume that }Cl_r;rg fa(xa)®[ga(xa)]®—1 and }CI_I}Z( cD;?)[fa(xa)]® [( cD,?)[ga(x“)]] exist,
( DE)[ga(x™)](c) # 0. Then
lim fo (x*)®[ga (xM)]® ™" = Ligg( DNf (x)]® [( CDg)[ga(xa)]]Wl_ 18)
I1l. RESULTS AND EXAMPLES

The followings are main results in this paper.

Theorem 3.1: Let 0 < a < 1, then

a1 1. 1 « ®n
Eolx )_rlll_r}.}o (1+n MatD) ™ ) ' (19)

Proof Using fractional L’Hospital’s rule yields
' 11 a\®
Lna (rlll—{rc}o (1 + n TI(a+1) x ) )

®n
= i 1._1 e
- rlll—{r.}o[l‘na ((1+n F(a+1)x ) )]

=lim[n-Lna(1+l- ! x“)]

n—ooo n I'(a+1)
®-1
= 1 @ . i l . —1 0—') (l . —1 “)
I'(a+1) x rlll—lg}o [Lna (1 + n TI'(a+1) x ® n TI'(a+1) x

= ! x“-y_r)r(} Lna(1+ - S“)®( ! S“)®_1]

I'(a+1) I'(a+1) I'(a+1)

— 1 a
= Tam”® (20)
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It follows that

) 101 ®nyy 1 _
Eq (Ln“ (rlll_r,lgo (1 T I(a+1) xa) >> = Ea (r(a+1)xa> = Eo(x9). (21)
And hence,
li (1+3- ! “)®H—E( 0! d
nl_l;l(’)lo n F(a+1)x = B X Qed.

Theorem 3.2: Suppose that 0 < a < 1, then

e, = lim (1 + ;t“)®(r(;ﬂ)ta)®_l (22)
a0 (a+1) '
Proof By Theorem 3.1,
Eq(x9)
i (142
=l n T(a+1) x

o-1\8(rgx®)
i {(1+3. ool }

n—-o n TI(a+1)

101 u)@’—l ®(F(a;+1)xa)
n-oo I'(a+1) }

ST—

RIS
) a T'(a+1)
- {ltl_r,% (1 + T(a+1) t ) } ' (23)
Thus by Theorem 2.9, we have
®-1
8(rrt®)
— 1; a I'(a+1)
eq = ltli% (1 + T t ) . Q.ed.
Theorem 3.3: If 0 < a <1, then
-1\ ® (%)
L 1 « ®-1 T(a+1)
€a = }I—I;rolo (1 + (F(a+1)y ) ) ' (24)

1 AN\®T 1,
Proof Let (F(a+1)y ) = l"(a+1)t , then by Theorem 3.2,

®-1

®(rarnt®)
— 1 1 a I'(a+1)
€a = ltlf(} (1 + T(a+1) t )

-1\ ®(rar?®)
= lim (1+( ! y“)® 1) e

y—00 I'(a+1)

Q.ed.

Next, we provide some examples to illustrate how to use the above results to solve the limit problems of fractional power
exponential functions.

Example 3.4: Let 0 < a <1 and (—1)* = —1. Find the limit

-1\ ()
lim (1_( 1 y“)® 1) T(a+1) .

y—>00 I'(a+1)

1 a_ 1
F(a+1)p ~ I(a+1)

=== F(;H)y“, then by Theorem 3.3,

Solution Letp = —y, then
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1 a
_’y“)® —1)®(F(a+1)y )

. 1
31;1_{?0 <1 B (F(a+1)

&-1\8(r@rn?")
= lim (1 + (= 2=y ) re

y—

1 ®-1
- o (1+ )
p—lHloo( * F(a+1)p )
A1® -1

®-1 ®(ﬁp)
P

I'(a+1)

®~(r@ror”)

= lim

p—o—co

1
(1 + (F(a+1) p

- (25)

Example 3.5: Assume that 0 < a < 1. Evaluate the limit

lim|1+2-

«1® 3-(sina(x"‘))® -
x>0 I'(a+1) ]

Solution By fractional L’Hospital’s rule, we have

"‘®(sma(x“)) (26)

lim
x-0 F(a+1)
Therefore, by Theorem 3.2,

®3:(sin (x"‘))®_1
lim[1+2-——x<| "
x—=0 I'(a+1)

1 a)®—1

®( 2 X
=lim|[1+2 — a] S
x-0 I'(a+1)

x“@(sinu(x”‘))® -

1
6 T'(a+1)

_ o, Simarnalein )

° (27)

=e,°.

Example 3.6: Let 0 < a < 1. Find the limit

x+3) @ (— x“+6)®_1]

I'(a+1)

()

lim [( !
x—oo | \['(a+1)

Solution By Theorem 3.3,

)® —1]®§(ﬁx“‘1)

)11—1;210 [(F(a1+1)x“ + 3) ® (r( +1)x +6

®; (F(a+1) -1)

1 ®-1
;}1—210 [1 + (—3) . (mx“ + 6) ]

1 1
-1 TlarD™ Fla+)® Fla+1) *
)® ]® (= — “+6) @ oy ¥-1)8( x%+6)

®-1

x*+6

lim [1 +(=3)-(

X—00

I'(a+1)

;xa_l)@,(ﬁxm)@*]

-3
)® —1]®_i3(ﬁx“+e) ]®[7(r(a+1)

X—00

— lim {[1+(—3) (2sxe+6
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,}H’&,[73<r(a1+1)xa‘1>®<r(al+1)xa+6>

"

& -110=3{r@rm*+°)

=e, 2. (28)
IV. CONCLUSION

In this paper, we find the limits of some fractional power exponential functions. Jumarie’s modified R-L fractional
derivative, fractional L’Hospital’s rule, and a new multiplication of fractional analytic functions play important roles in this
paper. In fact, our results are the generalization of these results in traditional calculus. In the future, we will expand our
research fields to fractional differential equations and engineering mathematics.
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